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Within the context of nonlinear electromagnetism we consider the Yukawa extension of a Reissner-
Nordstro¨m black hole. Exact solution is given which modifies certain characteristics of the latter.
Some thermodynamical aspects are given for comparison. The model may be considered as a useful
agent to describe a short-ranged, charged, massive interaction.
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I. INTRODUCTION
In 3+1−dimensional static, spherically symmetric spacetimes the solution for Einstein-Maxwell equations is known
to be uniquely the Reissner-Nordstro¨m (RN) metric. Depending on the relative magnitude of mass and charge the RN
spacetime can be a black hole or a time-like naked singular geometry. Extension of linear Maxwell to the nonlinear
electrodynamics advocated first by Born and Infeld [1–6] has been considered extensively during the recent decades.
It is well-known that the original idea of Born-Infeld was to eliminate Coulomb divergences for the point charges.
Elimination of the spacetime divergence becomes the next step of expectation whenever gravity is coupled to such
a nonlinear electrodynamics. In this study we consider a Yukawa extension of the Coulomb potential described by
the scalar potential, φ (r) = qr e
−αr, where q is the electric charge and α is a positive constant. By this ansatz the
theory involves two parameters, the charge q and the Yukawa charge α. The original idea of Yukawa [7–9] which was
introduced in connection with nuclear interaction, irrespective of the electric charge, was to provide rooms for massive
mesons, satisfying a Proca type equation
(
− α2)φ (t, r) = 0. The  operator is to be defined on a flat spacetime
which admits plane wave solutions representing massive bosons / mesons. With the advent of notions such as massive
gravity and astrophysical objects dominated by nuclear material it is natural to seek intermediating massive particles
to exchange the underlying interactions. Our aim in the present study will be restricted by static and spherically
symmetric metrics in which a Yukawa term is coupled with the standard Coulomb potential within the context of
nonlinear electrodynamics. The combination of two nonlinearities, as expected, makes the theory highly nonlinear for
an analytic treatment. For instance, the nonlinear electromagnetic Lagrangian happens to be expressible in terms of
the radial coordinate explicitly which, however, is transcendental in terms of the field tensor. As a result the model,
its basic features, roots of the metric function can only be analyzed numerically. In spite of all such technical problems
we are able to identify black hole solutions in such a theory. Not to mention, the origin r = 0 is a singular point of
both the Maxwell field as well as the spacetime. There are cases that admit double / single roots or no roots at all
to define black holes and naked singularities, respectively. Asymptotic behaviors at near (r → 0) and far (r → ∞)
distances can be found easily. The role of the Yukawa term, i.e. the parameter α, can be described without much
effort and it serves to confine the electromagnetic force to a shorter range. It is observed that by a scaling of the
radial coordinate the Yukawa parameter can be washed out so that the general behavior of the solution is universal,
irrespective of the α.
Let us add that, the Yukawa gravitational potential has already been considered in literature. For instance, in the
framework of f (R) modified theory of gravity I. De Martino et al very recently have studied the Yukawa gravitational
potential [10, 11]. Yukawa-type potential in cosmological model also was considered by M. O. Ribas et al in [12, 13].
Also a Yukawa-like potential in elliptical galaxies within the f (R) gravity is considered earlier in [14] by N. R.
Napolitano et al. The effect of such kind of potential on the perihelion precession of bodies in the solar system has
been studied in [15]. There are other works which consider the Yukawa correction to the standard gravity which can be
seen in [16–19]. But to the best of our knowledge there has not been any study on the gravity coupled with a Yukawa-
like electric potential. We note that although the original idea in BI theory was to eliminate the singularity of the
electric field the recent nonlinear electrodynamic theories do not necessarily obey this criterion [20–29]. Furthermore,
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2gravity coupled with nonlinear electrodynamics has attracted intensive attentions in the literature [30–55]. Adding
all papers in this list is not possible and what we referred here are part of the works which obviously shows how
important is the subject. To complete our literature review, we would like to mention some works in this field which
have almost become an icon (perhaps in view of the authors of the current work). The first paper is one of the earliest
model of the nonlinear electrodynamics proposed in 1936 by Heisenberg and Euler [56, 57].The other two papers in
this list are about existence / nonexistence of the regular black hole in gravity coupled with nonlinear electrodynamics
by E. Ayo´n-Beato and A. Garc´ıa, [58] and K. A. Bronnikov [59, 60]. The next paper which should be in our list
may be considered one of the first papers in popularizing the BI theory [61]. Finally we would like to mention of two
papers which applied the BI theory in more physical manners [62, 63].
Organization of the paper is as follows. In Section II we introduce the Einstein-Nonlinear Maxwell-Yukawa
(ENLMY) metric, derive field equations and solve them. In Section III we study the physical properties of the
solution obtained in Section II. The paper is completed with our Conclusion in section IV.
II. THE EINSTEIN-NONLINEAR MAXWELL-YUKAWA METRIC
Yukawa potential in spherical coordinate system is given by
φ (r) =
q
r
e−αr (1)
in which q is the electric charge located at the origin and α is a positive constant. In differential geometry formalism
we consider the electric potential one-form to be given by
A = φ (r) dt. (2)
The Maxwell’s field two form is obtained to be
F = Edt ∧ dr (3)
in which, ∧ stands for the wedge product and
E = −φ′ (r) = q (1 + αr)
r2eαr
. (4)
Considering the static and spherically symmetric line element in the form
ds2 = −f (r) dt2 + dr
2
f (r)
+ r2
(
dθ2 + sin2 θdϕ2
)
(5)
we find the Maxwell invariant F = FµνFµν determined as
F = −2
(
q (1 + αr)
r2eαr
)2
. (6)
We consider now a general nonlinear electrodynamic Lagrangian of the form L = L (F) for the Maxwell-Yukawa
potential and write the Einstein-Nonlinear-Maxwell-Yukawa (ENLMY) action to be of the form
S =
1
16piG
∫
d4x
√−g (R+ L (F)) (7)
in which R is the Ricci scalar. The variation of the action with respect to Aµ yields the Maxwell-Yukawa equation
given by
d
(
F˜
∂L
∂F
)
= 0 (8)
where F˜ is the dual-Maxwell field given by the two-form
F˜ = Er2 sin θdθ ∧ dϕ. (9)
3This equation implies within spherically symmetry that
∂L
∂F =
C0e
αr
q (1 + αr)
(10)
in which C0 is an integration constant. Next, we vary the action with respect to gµν to find the ENLMY equations
given by (8piG = 1)
Gνµ = T
ν
µ (11)
in which
T νµ =
1
2
(
Lδνµ − 4
∂L
∂F FµλF
νλ
)
. (12)
Explicitly, we find
T tt = T
r
r =
1
2
(
L − 2F ∂L
∂F
)
(13)
while
T θθ = T
ϕ
ϕ =
1
2
L. (14)
To have the ENLMY equation solved we need to find the closed form of L. To find this we use the relation
∂L
∂r
=
∂L
∂F
∂F
∂r
(15)
which yields a first order differential equation given by
∂L
∂r
=
4C0q
(
1 + (1 + αr)
2
)
r5eαr
. (16)
The latter admits a solution of the form
L = C0q
r4
((
α3r3 − 1− (1 + αr)2
)
e−αr − α4r4E1 (αr)
)
+ C1 (17)
in which C1 is an integration constant and the Exponential Integral is defined to be [64]
E1 (x) =
∫ ∞
1
e−xt
t
dt. (18)
Let us note at this point that inversion of r in terms of F is a transcendental expression, for this reason we shall make
use of the Lagrangian only implicitly as a function of F . Nonzero C1 may be considered as a cosmological constant
which we prefer not to take into account it in the present study. Hence, we set it to zero, i.e., C1 = 0. In Fig. 3 we
plot L versus F for some different values of α and q = 1. The deviation from the linear Maxwell’s theory increases
with increasing α. Having found L,F and ∂L∂F in terms of r we are ready to express the solution for the ENLMY
equations. We obtain from (11) the metric function exactly to be
f (r) = 1− 2M
r
+
qC0
(
α3r3 − α2r2 + 2αr − 6) e−αr
6r2
− α
4
6
r2qC0E1 (αr) . (19)
Herein, M is an integration constant to be interpreted as mass. To identify C0 we expand the metric function for
small α which yields
f (r) ' 1− 2M
r
− qC0
r2
+
4qC0
3r
α− qC0α2 + 2qC0
3
rα3 +O (α4) . (20)
In the limit α→ 0 it should reproduce the Reissner-Nordstro¨m black hole solution which in turn yields C0 = −q. The
final form of the ENLMY black hole solution can be expressed exactly as
f (r) = 1− 2M
r
− q
2
(
α3r3 − α2r2 + 2αr − 6) e−αr
6r2
− α
4
6
r2q2E1 (αr) . (21)
4FIG. 1: L versus F for α = 0.0, 0.4, 0.6 and 1.0 from left to right, respectively, and q = 1.
For α→ 0 this admits the expression
fα→0 (r) ' 1− 2M
r
+
q2
r2
− 4q
2
3r
α+ q2α2 − 2q
2
3
rα3 +O (α4) . (22)
Note that introducing ρ = αr , Q = αq and m = αM the metric function becomes
f (ρ) = 1− 2m
ρ
− Q
2
(
ρ3 − ρ2 + 2ρ− 6) e−ρ
6ρ2
− Q
2
6
ρ2E1 (ρ) (23)
which shows that α acts as a scale factor so that it can be chosen as α = 1. Hence, irrespective of the value of α, one
can study the global properties of the resulting solution. In Fig. 2 we plot f (ρ) versus ρ with m = 1 and for various
Q’s. For comparison we plot also the f (ρ) for the RN metric in Fig. 3. By scrutinizing Fig.s 2 and 3 we see that the
black hole regions in two cases do not overlap.
III. PHYSICAL PROPERTIES OF THE ENLMY BLACK HOLE
The scaled metric function (23) is asymptotically flat and for small ρ behaves as
fρ→0 (ρ) ' 1 +Q2 − 6m+ 4Q
2
3ρ
+
Q2
ρ2
− 2Q
2
3
ρ+O (ρ2) (24)
which implies lim fρ→0 (ρ) → +∞. Therefore the solution may be a naked singular solution, an extremal black hole
or a black hole with event and Cauchy horizons. This can be seen from the positive sign of f ′′ (ρ0) where f ′ (ρ0) = 0.
In this respect it behaves similar to the RN solution. In Fig. 3 in terms of m and Q we plot the regions where the
metric function admits no horizon (naked singular), double-horizon (extremal) and two distinct horizons. Let’s note
that unlike the RN case, here there is no definite relation between m and Q to identify the three cases. For the
ENLMY black hole with an event horizon located at r = rh (ρ = ρh) one finds the Hawking temperature
TH =
1
4pi
∂f (r)
∂r
∣∣∣∣
r=rh
. (25)
After we introduce the scaled parameters and variables the scaled Hawking temperature is found to be
T˜H =
TH
α
=
1
4pi
∂f (ρ)
∂ρ
∣∣∣∣
ρ=ρh
=
2ρ2h −Q2
(
2 + 2ρh − ρ2h + ρ3h
)
e−ρh +Q2ρ4hE1 (ρh)
piρ3h
. (26)
5FIG. 2: f (ρ) in terms of ρ with m = 1 and from below Q = 0.0, 0.8, ..., 4.0. The existence of three different cases i.e. double-horizons,
single-horizon and no-horizon are depicted.
FIG. 3: Metric function for the Reissner-Nordstro¨m spacetime f (ρ) = 1− 2m
ρ
+ q
2
ρ2
in terms of ρ with m = 1 and from below
Q = 0.0, 0.8, ..., 4.0. The difference between RN and ENLMY metrics can be seen by comparison between this figure and Fig. 2 which
corresponds to the same mass and charge.
Furthermore, from the scaled entropy S˜ = piρ2h one finds the scaled heat capacity of the black hole given by
C˜ = α2C = T˜H
(
∂S˜
∂T˜H
)
Q
=
2piρ2h
[
2ρ2h −Q2
(
2 + 2ρh − ρ2h + ρ3h
)
e−ρh +Q2ρ4hE1 (ρh)
]
−2ρ2h −Q2 (−6− 6ρh − ρ2h + ρ3h) e−ρh +Q2ρ4hE1 (ρh)
. (27)
The latter implies that the roots of the numerator imply the Type 1 instability where the heat capacity of the black
hole vanishes. In addition to the Type 1 instability, the roots of the denominator causes the Type 2 instability
where the heat capacity diverges. Such points is(are) the phase change(s) of the black hole which is(are) counted as
thermodynamical instability point(s). In Fig. 5 we plot C˜ versus ρh for Q = 0.4. The Type 1 and Type 2 instabilities
6FIG. 4: A plot of regions of naked singular, extremal and two horizons black holes in terms of scaled mass m = αM and scaled charge
Q = αq. The interfacing curve between the two indicated regions is the curve of extremal black hole.
FIG. 5: A typical behavior of the heat capacity in terms of the event horizon radius. The two different Types of instabilities occur which
are clearly shown in the figure. The value of charge is Q = 0.4.
are shown clearly. To have a comparison between the two black holes i.e., the RN and the ENLMY, we plot the heat
capacity of the RN black hole with the same charge in Fig. 6 as well. The different between two heat capacities are
very obvious keeping in mind that Fig. 5 is scaled with α.
IV. CONCLUSION
In this study we modified the Coulomb potential for a point charge, i.e., φ (r) = qr , into φ (r) =
q
r e
−αr, which can
be considered as a Yukawa correction. In classical electromagnetism this amounts to a cloud of field screening the
point charge. From the field theoretic point of view such a potential corresponds to a massive particle exchanging the
interaction. In the wake of massive gravity theories and stars highly concentrated by nucleons such a formalism may
7FIG. 6: Heat capacity of RN solution is depicted in terms of the horizon’s radius for Q = 0.4. We see from Fig. 5 that the heat capacity
of the ENLMY black hole for small α is much smaller in magnitude than its RN counterpart.
be interesting. What modifications this brings to a RN black hole? Our principal aim was to answer this question.
The Yukawa factor acts as a damping term to confine the electromagnetic effect. We have chosen the nonlinear
electromagnetic theory introduced first in 1930s by Born and Infeld. The Yukawa factor considered here doesn’t
regularize the Coulomb or the central singularity. We investigated the resulting modifications it brings to the RN
black hole. Being a static charge there is no magnetic field in the model. The theory admits a variety of black holes
as well as naked singularities, as depicted by Fig. 4. The Lagrangian of the model can’t be expressed in terms of the
electric field. Although this may be considered a handicap the Lagrangian can be expressed in terms of the radial
variable exactly and by employing such a representation we can extract all necessary information without much effort.
Let us remark finally that further extensions, such as φ (r) = q√
r2+b2
e−αr (with b =constant) can be considered also
within the context of nonlinear electromagnetism.
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